Abstract: In this paper, the discretized sliding mode control system (SMC) is studied along with some key issues in SMC systems-reachability condition, dynamics of sliding mode and mathched uncertainty being addressed. The purpose of this paper is to bring a guide for SMC implementation and new perspective for understanding SMC systems.
INTRODUCTION
Sliding mode control is one of the most popular control techniques in Electro-Mechanical Systems due to its robustness property to uncertainties, parameter variations and large disturbances ). The continuous-time SMC systems are usually analyzed from the two-phase perspective-the reaching phase and sliding phase. Among a few questions on the controversial sliding phase, the most apparent one is whether the ideal sliding mode can be achieved. As the ideal sliding mode requires infinite switching frequency, it looks like the ideal sliding mode only exists in theory if the fact that nowadays modern control systems rely on computers is factored in. Many attentions have been dragged to this issue since the question arose. Many new frameworks have been brought in to better understand discrete-time SMC systems (Milosavljević [2004] ). To analyze the discrete-time SMC systems, the discrete-time sliding mode is required to be redefined. Many researchers have contributed to the redefinition of discrete-time sliding mode. In fact, the discrete-time sliding mode doesn't exist as the system state can never exactly reach it, let alone stay on it. A new reaching condition needs to be brought here. As the sliding mode disappears, the property which makes SMC shine among other control techniques, is supposed to be gone as well. However, what have been observed in the application where the SMC is implemented by computers tell us the robustness still exists in SMC under the finite switching frequency. Currently in SMC community, there are two streams contributing to discrete-time SMC systems. The one is to design the discrete-time SMC for discrete-time systems based on the discretized plant. The other one is to follow the emulation method to analyze discretized SMC systems whose controllers are with the discretized form of continuous-time controllers. Many researchers have done a lot of work for the former case because the discretized model of linear continuous-time plants can be achieved. However, as the discretized model of most nonlinear continuous-time plants is not available and nowadays the sampling period can be very small, the discrete-time controller design is very much relying on the emulation method (Laila et al. [2006] ). To study this issue, the first question is how to define the discretized sliding mode? It is assumed that when the sampling period tends to be zero, the discretized SMC system must behave as the continuous-time SMC system. In other words, some equivalence between discretized SMC systems and continuous-time SMC systems should exist. In this paper, the connection and equivalence between these two systems will be studied by looking at the key issues in SMC.
LITERATURE REVIEW
So far the study of discretized SMC systems arose from two interests, one is from the fact that the sliding mode control is a discontinuous control hence the discretized SMC systems is not obvious to be analyzed from the knowledge of traditional control theory. The other is from the observation of complex behaviors of discretized SMC systems in simulations (Yu [1998] ). Therefore, not surprisingly, different contributions were made to this topic. Below is a literature review of these contributions.
Nonsmooth Lyapunov function
In Herrmann et al. [1999] , the so-called sliding mode-like control was considered. Different from the classical sliding mode control, the sliding mode-like control is continuous so that the control system satisfies global Lipschitz condition. The novel method in this work is that a nonsmooth Lyapunov function is applied to the controller discretization analysis. However, although nonsmooth Lyapunov functions are believed to be a natural choice for nonsmooth dynamical systems (Shevitz and Paden [1994] ), the determination of their generalized derivatives on the discontinuity surface can be extremely difficult, especially when solution trajectories approach the intersection of discontinuity surfaces (Wu et al. [1998] ). Barbot and Boukhobza [2002] introduced a framework by using Euler's sampling model to approximate the dis-cretized nonlinear SMC system. The notation of attractivity was defined to make sure the solution from the Euler's sampling model is consistent with the solution of the discretized SMC systems when the sampling period tends to be zero.
Approximate Discretization by Euler's Sampling Model

Discretization Behaviors with the Exact Discretized Model
In Yu and Chen [2003] , Galias and Yu [2008] , Wang et al. [2009] , the periodic behaviors of the discretized SMC systems were studied with the explicit discretized model. Following an assumption, A sufficient condition was given under which the system state is guaranteed to stay within a specific bound. The complex behavior observed from the discretized SMC system is studied as periodic orbits through the generated symbolic sequence.
SMC Systems in the Sample-and-Hold Sense
In Clarke and Vinter [2009] , the discretized SMC system is studied under the framework of sampling solutions where two Lyapunov-like functions V 1 and V 2 were introduced for the stability analysis of discretized SMC systems. V 1 was used to capture the property that the sliding mode control drives the state arbitrarily close to the sliding set. V 2 is associated with the subsequent motion of the state to a neighborhood of the origin. The existence of the two Lyapunov-like functions is guaranteed by the proper SMC design on continuous-time systems. However, the key concept from the continuous-time SMC systems, the equivalent control, is not associated with the analysis. This is valued as an advantage of this approach as the definition of the equivalent control is not required. The stability condition is addressed in the sense of practical semiglobal stability.
SOME ISSUES IN DISCRETIZED SMC SYSTEMS
In this section, some parallel notions in continuous-time SMC systems will be discussed. The purpose of this section is not only to give a better understanding of the discretized SMC system, but also to investigate the equivalence between discretized SMC systems and continuous-time SMC systems. Consider the general single-input linear time invariant (LTI) systems as below,
where x ∈ R n is the state vector, u ∈ R is the control input, p(t) is the external disturbance. The following three assumptions hold throughout the paper.
(1) The pair (A, b) is completely controllable. (2) p(t) is piecewise continuous and square-integrable fulfilling the matched conditions, i.e., there exists q(t) ∈ R such that p(t) = bq(t) (Edwards and Spurgeon [1998] ). (3) There exists a q max > 0 such that |q(t)| < q max for all t.
Then, without loss of generality, assume that A, b are in the controllable canonical form.
The switching manifold is defined as s(x) = cx, where c = [c 1] ∈ R n , with c = [c 1 , c 2 , · · · , c n−1 ] being a row vector of n − 1 dimension and the coefficients c 1 , c 2 , · · · , c n−1 , 1 constitute a Hurwitz polynomial. The sliding mode control is u = u c + u s with
It is assumed that α > c p + ρ with · being the spectral norm and ρ > 0 a small scalar which enables the reachability condition of sṡ < −ρ|s|. Therefore, the ideal sliding mode is guaranteed to be reached in finite time. The control law is by far the most popular SMC structure and is known to be invariant to matched uncertainties (Utkin [1992] ). Then the closed loop system iṡ
where
Through ZOH, u(t) = u(k) over the time interval [kh, (k + 1)h), where h is a sampling period. Under ZOH the solution of (1) at the time instant (k + 1)h can be written as
Note that cb = 1, so, the control law in discrete-time is
As the system state x(k) evolves, the function sgn(s(x(k))) generates a sequence of binary values of +1 and −1, which can be considered as a symbolic sequence of dynamics. In the following, for simplicity, denote sgn(s(x(k))) as s k , hence the symbolic sequence, denoted as s, can be represented as s = (s 0 , s 1 , · · · ). The aforementioned discrete system can then be rewritten as
is an (n − 1) × (n − 1) matrix, w 1 (k) and Γ 1 are scalars, and w 2 (k) and Γ 2 are (n−1)-dimensional vectors. More details can be found in Wang et al. [2009] .
Reachability Condition in Discretized SMC Systems
The discrete-time sliding mode control system is said to be in the reaching phase if
In fact, when sgn(s(k + 1)) = sgn(s(k)), (6) is equivalent to
The explicit expression of s(k + 1) − s(k) in the discretized sliding mode control system (4) was given in Wang et al. [2009] :
Then, the reachability condition of (4) is
The inequality (9) is restrictive as it requires the value of x(k) rather than x(0). To satisfy (9), x(k) needs to be within the order of O(1).
Another reachability condition was derived in Clarke and Vinter [2009] with the knowledge of the Lyapunov function in continuous-time sliding mode control systems, V = |s|. Given R > 0 and ε > 0 such that ε < R and x(0) ∈ B(0, R). The sampling period satisfies h < δ. For anȳ w ∈ (0, ρ), define
Via Gronwall's Lemma, (2) leads to the following bound:
} where λ denotes all the eigenvalues of a matrix, and φ = γR ′ + α + q max . Then we choose δ small enough so that the following inequalities hold:
(12) δw < ε/2 (13)
It concludes that there existst ∈ [0, V (x(0))/w] such that V (x(t) ≤ ε for all t ≥t. (17)- (14) are the reachability condition of the discretized SMC system. In fact, if we define
then for all the intervals [t k , t k+1 ] where x(t) lies in S, we have
(17) implies the asymptotically practical semiglobal stability of s = 0.
Discretized Sliding Mode Dynamics
In (4), the discretized SMC system is divided into two subsystems x 1 and z = (x 2 , x 3 , · · · , x n ). With this decomposition, a sufficient condition for the stability of the subsystem z can be easily deduced as D < 1 (Yu and Chen [2003] , Wang et al. [2009] ). In fact, λ(Φ) = λ(D) ∪ 1. This special structure reminds us the correspondent matrix, A eq in the continuous-time SMC system:
In continuous-time SMC systems,ẋ = A eq x governs the system dynamics in the sliding mode. As long as c 1 , c 2 , · · · , c n−1 , 1 constitute a Hurwitz polynomial, the subsystem dynamicsż =Āz is exponentially stable. This observation leads to the art of the linear sliding surface design. With a stable sliding surface, it can be guaranteed that x 1 will eventually converge to zero as well. Now moving from the continuous-time SMC systems to discretized SMC systems, we can predict the difference of the dynamic behavior between subsystems z and x 1 . In fact, in the discretized SMC system,
The other fact is that the final state of z doesn't depend on the initial state whereas the final value of x 1 depends on the system initial state. That means although the notion of "equivalent control" is not available here, its equivalence can still be observed in discretized sliding mode control systems. Now let's recall the core of SMC design. In the linear system with the linear sliding surface, the dynamics of the sliding mode for subsystem y = (x 1 , x 2 , · · · , x n−1 ) is expressed by (Edwards and Spurgeon [1998] )
and
(23) One can see A 11 − A 12 c =Ā. So the other way to analyze the SMC system is to start from subsystem y and then conclude x n eventually converges to zero. This reducedorder sliding mode dynamics analysis method benefits from the fact that the uncertainties in the system satisfy the matched condition. In the discretized SMC system, since the ZOH doesn't take place in the disturbance channel, the matched condition doesn't necessarily hold in (4) after discretization. In fact, the matched condition after discretization only holds in the sense of approximation (Su et al. [1996] , Young et al. [1999] ). The effect of the matched condition in the discretized SMC system will be discussed in the next subsection from the periodicity's perspective.
Matched Condition in Discretized SMC Systems
The discretized SMC systems are featured by periodicity which is induced by s k in the system (Yu and Chen [2003] , Galias and Yu [2008] , Wang et al. [2009] ). The question arisen from this phenomenon is on its predictability. It is found that the periodicity is very sensitive to the initial state; long period and short period orbits are coexistent in the simulation no matter how small the sampling period is. So maybe the more realistic question which can be answered is under what conditions the symbolic sequence or the system state will exhibit periodically.
The periodicity of (4) was first studied through its symbolic sequence for the SMC system without uncertainties in Yu and Chen [2003] . It is observed that the system trajectory behaves periodically and if L is the period of the system state, then
which induces (20) .
From the definition of w(k) in (4), one can see a constant perturbation preserves the "matched condition" after discretization. In fact, if q(t) = a0 2 is a constant, then the period of system trajectory L must satisfies (Wang et al. [2009] ):
Besides constant perturbations, other periodic perturbations could also result in periodic behaviors in (4). In Wang et al. [2009] , a general class of periodic perturbations are considered as below,
[a n cos(ω n t) + b n sin(ω n t)]
T is the nth harmonic of the function q(t), T is divisible by h. It proves that if the system trajectory is periodic with period L, then (25) holds. In other words, the constant a 0 /2 constitutes a necessary condition of the system's periodic exhibition. Besides, another observation along with the periodicity phenomenon is the equation in (20). These observations show the effect of the matched condition in behaviors of discretized SMC systems.
FURTHER RESEARCH MOTIVATIONS
This research topic is currently driven by many unanswered questions. For example, in the stability analysis of (4), a sufficient condition, D < 1, was first derived in Yu and Chen [2003] . This condition is considered as relatively conservative due to the fact that some cases were found in the simulation where the stability of (4) can still be achieved when D > 1.
In this paper, the single-input LTI system is illustrated to give a good understanding of the discretization of SMC systems. As the robustness is the prestigious advantage of SMC, the study of the nonlinear system with SMC after discretization will be with more interest. The author believes more work should be contributed to this topic.
CONCLUSION
In this paper, the discretized SMC systems are studied in parallel with the continuous-time SMC systems. Sliding mode control, as a discontinuous control, has some advantages over other control techniques. The study of the discretized SMC system can not only benefit the implementation of the SMC, but also introduce a new way to better understand SMC systems.
